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Recently, much attention has been devoted to semiconductor quantum dots (QDs) [1] , where the three-dimensional confinement gives rise to a discrete atomic-like density of states. In turn, the coupling to the solid-state environment is suppressed and Coulomb correlations are strongly enhanced. For these reasons, QDs display a rich number of interesting and new physical phenomena. However, despite the continuing progress, all the available fabrication approaches still suffer from the effects of inhomogeneity and dispersion in dot size, which lead to large linewidths when optical experiments are performed on large QD ensembles. A major advancement in the field has come from different types of local optical experiments, that allow the investigation of individual QDs thus avoiding inhomogeneous broadening [2] . Among local spectroscopies, near-field optical approaches [3, 4] are especially interesting as they bring the spatial resolution well below the diffraction limit of light: with the development of small-aperture optical fiber probes, sub-wavelength resolutions were achieved (l=8 À l=5 or l=40) [3] .
As the resolution increases, local optical techniques allow direct access to the space and energy distribution of quantum states within semiconductor nanostructures. Theoretically, the interaction between a given near-field probe and the carrier states inside the dots is not at all obvious: In analogy with ultrafast time-resolved spectroscopies, that have revealed the importance of phase coherence in the quantum-mechanical time evolution of photoexcited carriers, it may be expected that spatial interference of quantum states plays a dominant role when variations of the electromagnetic (EM) field occur on an ultra-short length scale. In this paper we use a recently developed theoretical formulation [5] for the quantitative description of local optical absorption of prototypical dot structures.
In our calculations we start from the single-particle eigenenergies E e m (E h n ) and envelope functions f e m ðrÞ (f h n ðrÞ) for electrons (holes), which are obtained from the solutions of the single-particle Schrö dinger equation within the envelope-function and effectivemass approximations [6] [7] . When the QD is perturbed by an external laser light field, the electromagnetic (EM) field Eðr; wÞ of the near-field probe induces an interband polarization Pðr; wÞ, which, in linear response, is related to E through the non-local electric susceptibility [5] cðr; r 0 ; wÞ ¼ m
with m 0 bulk dipole element and g accounting for the finite lifetime of exciton states due to environment coupling (in our calculations we use g ¼ 1 meV). More specifically, considering a given EM field distribution profile xðr À RÞ centered around the nearfield tip position R, the local absorption spectrum can be expressed as [5] (2). For a spatially homogeneous EM field (far-field), the oscillator strength a l x is given by the spatial average of the excitonic wavefunction. In the opposite limit of an infinitely narrow probe, one is probing the local value of the exciton wavefunction. Within the intermediate regime of a narrow but finite probe, Y l ðr; rÞ is averaged over a region which is determined by the spatial extension of the light beam. Therefore, excitonic transitions which are optically forbidden in the far-field may become visible in the near-field. Figure 1 reports the calculated local absorption spectra a x ðX; hwÞ for a single QD with a prototypical dot confinement, which is parabolic in the ðx; yÞ-plane and box-like along the z-axis.
2 Þ For x we use a Gaussian / exp À ðx 2 þ y 2 Þ=2s 2 , where, because of the narrow well width of the dot confinement, the z-dependence of the EM near-field profile is neglected. Since the Gaussian acts as an envelope on Y l , the spatial resolution of the EM field distribution is approximately given by the full-width at half maximum (FWHM) of the Gaussian (i.e., %2.35s). Depending on the ratio between the spatial resolution of the near-field tip and the extension of the quantum states (here of the order of a few tens of nanometers), three different regimes can be identified: (i) a regime where the FWHM is much larger than the extension of the quantum states (we use s ¼ 50 nm); (ii) a regime where the FWHM is comparable to the extension of the relevant quantum states (we use s ¼ 10 nm, which furthermore is comparable to the excitonic Bohr radius of %12 nm); and (iii) a regime with an extremely narrow probe beam (we use s ¼ 0:1 nm). This latter, physically rather unrealistic, regime provides a direct measure of the exciton wavefunctions. By inspection of Fig. 1 we first emphasize the spectrally narrow and atomic-like features which are characteristic for quantum dots. veals that Coulomb interaction induces several pronounced effects: (i) an almost rigid redshift of the spectra (due to the attractive electron-hole Coulomb interactions); (ii) a transfer of oscillator strength from transitions at higher energies to those at lower energies (see also Ref. [6] ); and (iii) the appearance of new features in the optical spectra (e.g., at photon energy %65 meV; see arrows). Varying s, these features show an interesting non-monotonic behavior (in contrast to the other transitions which, with increasing s, either remain strong or gradually disappear; see also Fig. 2 ): They are quite strong at s ¼ 0:1 nm (Fig. 1d) , almost disappear at s ¼ 10 nm (Fig. 1e) , and become visible again in the far-field limit (Fig. 1f) .
To understand the origin of this unexpected non-monotonic behavior, in the following we analyze the exciton states which contribute to the near-field spectra in slightly more detail. To facilitate our discussion, we introduce I (Fig. 2b) , and 80 meV (Fig. 2c) . Increasing the spatial resolution, the strong absorption peaks at 52 and 80 meV either monotonically increase or decrease, wheras the contribution from one of the excitons in Fig. 2b displays a nonmonotonic behavior. The insets of Fig. 2b show contour plots of the wavefunctions Y l ðr; rÞj z¼0 of the corresponding excitons. To discuss the naure of these excitons, we first note that for a single parabolic QD the single-particle eigenfunctions f e;h are known analytically (Fock-Darwin states), and can be labeled by the radial quantum number (i.e., 1; 2; . . .) and the angular momentum in z-direction (s, p, . . .). Inspection of phys. stat. sol. (b) 224, No. 3 (2001) Fig. 1 . Local absorption spectra a x ðX; hwÞ for a single QD with (d-f) and without (a-c) Coulomb interactions and for different values of s; here, the tip is swept along the x-direction (with y ¼ 0), i.e., passing through the center of the QD. Photon energy hw is measured with respect to the bandgap. In these calculations we used a basis of six electron and hole states, respectively the wavefunctions Y l mn reveals that the largest contribution to exciton (i) (with s-type symmetry) steams from the transition between the 1s state of electrons and the 2s state of holes, although, because of Coulomb coupling, there is also a noticeable contribution from the 1s-1s and 1p-1p electron-hole transitions (these latter contributions are responsible for the far-field coupling to the light field) [8] . Excitons (ii), on the other hand, have p-type symmetry. Increasing s, the spot area within which Y l is averaged increases. Since the space average Ð dr Y l ðr; rÞ, which is responsible for the far-field optical selection rules, is nonzero only for exciton (i), the p-type functions vanish monotonically; on the contrary, for the s-type exciton there exists an optimal cancellation when the FWHM of the EM field distribution (i.e., % 2:35s) becomes equal to the Bohr radius. As discussed in detail elsewhere [8] , such non-monotonic behavior is quite characteristic for zero-dimensional nanostructures where carrier states are confined on a length scale comparable to the Bohr radius, and thus provides a striking fingerprint of Coulomb correlations in optical near-field spectra (indeed, similar behavior is also found for the near-field spectra of coupled QDs [8] ).
Finally, Fig. 3a shows calculated far-field absorption spectra for a double dot and for different interdot distances d (with the in-plane confinement potential
. If the two dots are well separated (d % 70 nm), the spectrum closely resembles that of a single dot (Fig. 1f) . Decreasing the interdot distance d, the peaks at higher photon energies (e.g. the peak multiplets at photon energies %110 meV and %80 meV) split because of the increased inter-dot coupling. This behavior is reflected much clearer in the near-field spectra of Figs. 3b-d (s ¼ 10 nm), where a transition from a system with the low-energy exciton states almost localized in the spatially separated minima of the two dots to a system with the electron-hole states extending over the whole nanostructure is observed. In particular for the ground-state exciton, we observe a splitting into a ''bonding" and ''anti-bonding" state. Because of symmetry, in the optical far-field only the symmetric ground-state We use a basis of 12 electron and hole states, respectively
